Abstract. A criterion for the existence of a plane model of an algebraic curve such that the Galois closures of projections from two points are the same is presented. As an application, it is proved that the Hermitian curve in positive characteristic coincides with the Galois closures of projections of some plane curve from some two non-uniform points.
Introduction
Let C ⊂ P 2 be an irreducible plane curve of degree d ≥ 4 over an algebraically closed field k of characteristic p ≥ 0, and let k(C) be its function field. We consider the projection π P : C P 1 from a point P ∈ P 2 . If π P is separable, then the Galois closure of k(C)/π Theorem 1. Let H, G 1 , and G 2 ⊂ Aut(X) be finite subgroups such that H ⊂ G 1 ∩ G 2 , and let P 1 and P 2 ∈ X. Then, five conditions (a) X/G 1 ∼ = P 1 and X/G 2 ∼ = P 1 , 
Since any plane curve is a quotient curve of the smooth model of the Galois closure at each point, all plane curves C with two different smooth points P 1 and P 2 ∈ C such that L P 1 = L P 2 are described completely in Theorem 1.
In Section 2, we prove a generalization of Theorem 1, to understand the proof in more general setting. In Section 3, we show the following theorem for the Hermitian curve, which may be surprising.
Theorem 2. Let p > 0, q be a power of p, and let a positive integer m divide q 2 − 1.
The Hermitian curve defined by
is denoted by X. Then, there exists a plane curve C ⊂ P 2 of degree q 3 + 1 and different smooth points P 1 and P 2 exist for C such that L P 1 = L P 2 = k(X) and
where N 1 is a Sylow p-group of Aut(X) and C m is a cyclic group of order m. In particular, points P 1 and P 2 are not uniform.
Proof of the main theorem
In this section, we prove Theorem 1 and its generalization. If H is a normal subgroup of a subgroup G ⊂ Aut(X), then there exists a natural homomorphism
The image is denoted by G H , which is isomorphic to G/H. The following is a generalization of Theorem 1, since the case where
, and let P 1 and P 2 ∈ X. Then, five conditions 
Proof. We consider the only-if part. By condition (e),
Since
Let q i : X/H → P 1 be the morphism induced by the extension k(X) 
, where (f ) ∞ is the pole divisor of f . Then, f, g ∈ L(D H ). Let ϕ : X/H → P 2 be given by (f : g : 1). To prove that ϕ is birational onto its image, we show that k(X)
is Galois, there exists a subgroup
Similarly, there exists a subgroup g) ).
The morphism ϕ is birational onto its image. The sublinear system of |D H | corresponding to f, g, 1 is base-point-free,
Therefore, deg ϕ(X/H) = deg D H , and the morphism (f : 1) (resp. (g : 1)) coincides with the projection from the smooth point ϕ(
We consider the if part. Since π * ϕ(P i H )
Proof of Theorem 2. Let P 1 = (1 : 0 : 0) and let P 2 = (0 : 0 : 1) ∈ X. We consider subgroups
and
of Aut(X). Let H be a subgroup of C q 2 −1 and let
prove that conditions (a), (b), (c), (d) and (e) in Theorem 1 are satisfied for 5-
is well known that the cardinality of the set X(F q 2 ) of all F q 2 -rational points of X is equal to q 3 + 1, and N i acts on the set X(F q 2 ) \ {P i } transitively for i = 1, 2. Since
satisfied. The proof of Theorem 2 is completed.
If ms = q + 1 and c is a primitive (q 2 − 1)-th root of unity, then the subgroup C m of C q 2 −1 of order m is generated by η c s(q−1) ∈ C q 2 −1 . Since η * c s(q−1) (x) = x and η * c s(q−1) (y m ) = y m , the quotient curve X/C m has a plane model defined by x q +x = y s .
Therefore, the following holds.
Corollary 1. Let ms = q + 1, and let X be the Hermitian curve of degree q + 1.
Then, for the curve x q + x = y s , there exist a plane model C of degree q 3 + 1 and different smooth points P 1 and P 2 ∈ C such that L P i ∼ = k(X) and G P i ∼ = N 1 ⋊ C m for i = 1, 2. 
